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A MEAN VALUE INEQUALITY FOR THE GENERALIZED 
SELF-EXPANDER TYPE SUBMANIFOLDS AND ITS 
APPLICATION 

LIANG CHENG 


Abstract. In this paper we get a version of mean value inequality for 
generalized self-expander type submanifolds in Euclidean space. As 
the application, we prove that if mean curvature flow M(t) on the self¬ 
expander in Euclidean space subconverges to an H-rectifiable varifold T 
in weak sense for t goes to the singular time, then T must be the cone. 


1. INTRODUCTION 


Let .To : M" —* R n+m be a complete smooth immersed submanifold in 
Euclidean space. Consider the mean curvature flow 



( 1 . 1 ) 


with the initial data x 0 , where H = —Hv is the mean curvature vector and 
v is the outer unit normal vector. The self-similar solutions, including self- 
shrinkers, translators and self-expanders ,are one of the important subject 
in the study of mean curvature flow. For other works for studying the self¬ 
similar solutions of the mean curvature flow, one may see 0, Il6l. lfl5l . and 
lfT5l . Recall 


Definition 1.1. The immersed submanifold x : M" —» R" +m is called self¬ 
expanders of mean curvature flow if it satisfies 

H = n(x- p 0 )\ (1.2) 

for some fixed vector p {) e M n+m and nonnegative constant p > 0. 

The mean curvature flow x(-, t) on the self-expander (11.7b satisfying 

x(p, t)= Jl + 2 p{t - ^-)(x((f>* t (p)) - p 0 ), (1.3) 
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with (p t being the tangent diffeomorphisms on M n with 

x(p, ^-) = x(cp* ± (p)), 

and Dx{j t (p* t {p )) = - [+ ^_^ W?(p)) - Po ) T • 

Notice that the mean curvature flow always blows up at finite time. For 
noncompact hypersurfaces, solution to the mean curvature flow may exist 
for all times. For example, Ecker and Huisken [[8J showed that the mean 
curvature flow on locally Lipschitz continuous entire graph in Euclidean 
space exists for all time. The self-expanders appear as the singularity model 
of the mean curvature flow which exists for long time. For the entire graphs 
have the bounded gradient and 

<^co,v) 2 < c(l + IatoI 2 ) 1 - 5 (1.4) 

at time t = 0, where c < oo and 8 > 0, Ecker and Huisken [0 proved the 
normalized mean curvature flow 

ffx 23 

— =U~x, (1.5) 

os 

with initial data x 0 , obtained under the rescaling 

1 1 

x(-,s) = -^=x(-,t), s = - log(2t + 1), (1.6) 

V2 1 +1 2 

converges as s —> oo to a self-expander. 

In this paper, we study the following generalized version of self-expanders 
for the mean curvature flow: 


Definition 1.2. The immersed submanifold x : M" —» R' !+m is called gener¬ 
alized self-expander type submanifold if it satisfies 

H> p(x- p 0 )\ (1-7) 


We first prove the following mean value inequality. 


Theorem 1.3. Let x : M' 1 —> M n+m be the submanifold in the Euclidean 
space satisfying H ■ (x- pf) > p\(x - po)^ 2 for some fixed vector p 0 e BL' ,+m 
and nonnegative constant p > 0. Set M = x(M n ). Then 


■±(1 f /) 

dR R JMrii R (ptt) dR 


f 


MHBr(po) 


Kx-Po )^ 2 
\x - X 0 \ 2 


2R n+l f M 


(R 2 ~\x- 


MnB R (po) 


+ 


P 

R n+l 


f 


MnB R (po) 


\(X - Po^ff, 


(1.8) 


for any smooth nonnegative function f on M. Moreover, the equality of 
rti.<SD holds if and only if x satisfies H ■ (x - p 0 ) = p\(x - /?o)" L l 2 - 


Pol 2 )A/ 
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Next we give an application to the mean value inequality (11.81) . Recall 
that if xo is the graphical cone, then the solution to the mean curvature flow 
(11.11) must be the self-expander. The argument is this (see lfT4lO : the rescaled 
flow Xj(-,t) = ^J~A~jX(;, dj'O solves (11.11) with the same initial condition x 0 
since x 0 is a cone, so it must be equal to x(-,t) by the uniqueness of the 
solution of graphically initial data (if the uniqueness fails, then one may not 
have the mean curvature flow coming out of cone is the self-expander,see 
m ). On the contrary, a natural question is that on what conditions the 
corresponding mean curvature flow (11.31) for the self-expanders converges 
to the cone as t —> 0? 

Theorem 1.4. Let x : M n —» K" +m be the self-expander ( I /. 71) in the Eu¬ 
clidean space. Let x(\ t) be the corresponding solution f l/.JD to mean curva- 
ture flow for the self-expander x. Set M(t) = x( M n , t ). If Mil ) subconverges 
to an n-rectifiable varifold T in weak sense for some sequence tj —> 0, then 
T must be a cone. 

The structure of this paper is as follows. In section 2, we give the proof 
of Theorem 1 1.31 Then we give two corollaries of Theorem 1 1.31 as the direct 
applications to Theorem II .31 In section 3, we give the proof of Theorem 


o 


2. MONOTONICITY FORMULA AND MEAN VALUE INEQUALITY 

First we give the proof of Theorem 1 1.31 

Proof of Theorem [PI With losing of generality, we may assume po = 0 
and Bifpo) = B R ( 0). We have 



T 

where we use v = ^ and j-v= |V|jc||. Then by coarea formula we have 
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where we use 1 - |V|jc|| 2 = Since x T = -\V(R 2 - |jc| 2 ), we conclude 


that 


-f fz-f 

dR JMnB R (p 0 ) dR Jm^Br 

Jm 


f A + i f 
1 • - " rJm 


\x\ 2 


f+ 


MnB R (po) 


2R Jm 


(-R 2 - \x\ W 


MnB R (po) 


„±|2 


MnB R (po) 


R 


-/• 


It follows that 


d_ 1 r _d_ r 

Ji? /?" JMnB R (p 0 ) dR 


JA\ 2 + 

MnB R \ x \ 2 2/?' 


- r 

L Ja/ 


(/? 2 - |.r| 2 )A/ 


MnB R (po) 


+ al r 

Jm 


^l 2 /- 


MnB R (po) 


In view of (12.11) . the equality of (11.81) holds if and only if f MnBg(j}Q) ft • f / = 

H f MnBR(po) f° r any smooth function / on M. It follows that (11.81) holds 

if and only if jc satisfying ft ■ (x - p 0 ) = p\(x - p 0 ) ± | 2 . □ 

As the corollary to Theorem 11.31 we have the following mean value in¬ 
equality. 


Corollary 2.1. Let x : M n —> R” +m be the submanifold in the Euclidean 
space satisfying and ft ■ {x - po ) > p\(x - poA] 2 for some fixed vector 
Po G R" +m and nonnegative constant p> 0. Assuming that B Ro (p 0 ) nW ^0 
with M = x(M"), If f is a nonnegative function with A / > -(A + 2p\(x - 
pft^flRf 2 f, then the function 


g(R) 


M- L 


MnB R (po) 


f 


R " 


( 2 . 2 ) 


is monotone non-decreasing for any 0 < R < Rq. In particular, if po G M, 
then 


f(j>o) < e 2 


l 


MnB RQ (po) 


f 


Vol(B l c R n )R" 


(2.3) 


Proof It follows from (11.81) that 

g{R) > ~Rf 2 R x - n f f = ~Ro 2 Rg(R). 

z JMnB R ( P0 ) z 

We have g'(R ) > ~tR () 2 R > -jj^g(R). Then (12.21) and (12.31) follow immedi¬ 
ately. □ 


For the another corollary to Theorem 11.31 by taking / = 1 in (11.81) . we 
have 
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Corollary 2.2. Let x : M n — > R" + "' be the submanifold in the Euclidean 
space satisfying ft fix- po) > p\(x - Po)fi 2 for some fixed vector p Q e R n+m 
and nonnegative constant p > 0. Then 

d Ti'\M n Br(pq)) ^ d r |(x - ppfij 2 | p f 

dR R n dR J MnB R (p 0 ) \ x ~ R"' 1 J MrBn(pn) 

(2.4) 

with the equality holds if and only if x satisfies ft fix — p 0 ) = p\(x - po) 2 "! 2 - 


3 . PROOF OF T HEOREM 11.41 

Before the proof of Theorem 1 1.4[ we need the following lemma. 

Lemma 3.1. Let x : M" —> JR'' +m be the submanifold in the Euclidean space 
satisfying H ■ (x - pf) > 0 for some fixed vector p 0 e R n+m . If AfM - p 0 ) 
subconverges an n-rectifiable T in weak sense for some sequence Aj —> 0, 
then T is an n-rectifiable cone. 


Proof With losing of generality, we may assume p 0 = 0 and B R (p 0 ) = 
B r ( 0). We first prove that the varifold T satisfies the following monotonicity 
formula 

r n p T (B t m-s- n p T (B s m> f r- n IV w *rl 2 dT(x,co), 

J(B t (0)\B s (0))xG(n,n+m) 

(3.1) 


for any 0 < s < t, where r = |jc| and a> N denote the orthogonal m-planc 
to co. The proof of (13.11) is similar to the case of stationary varifolds (see 
Proposition 3.7 in). 

Let 0 be a nonnegative cutoff function with <ft'(s) < 0 which is one 
on [0, 3] and supported on [0,1]. Denote q(r) = cp{ L ) so that rq'(r) = 
Since AjM subconverges to T in weak sense and ft ■ x > 0 
on M, we have 


f di 


div to (q(r)x)dT(x,co) = lim I div tl) (q(r)x)dTfix, co) = 


J " di\ 


lim 


f 


Hjiq(r)x)dpj < 0, 


where H T is the the mean curvature vector with respect to the varifold T 
and ftj is the the mean curvature vector with respect to the varifold AjM. 
Then 


0 > 


f 

f 


div 0 fir](r)x)dT{x, co) 
(nq(r) + rq'(r))dT(x, to) - 


I 


rq {r)\VdT{x, co). 
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It follows that 

/ v d v d v 

n<p(-)~ s—((f>(-))dT(x,oj) < -s I — {<p{-))\V c0 Nr\ 2 dT(x,co). 

S CIS S J CIS s 

Hence 

d r r d r r 

~r(s~ n I cf>(-)dT(x,co)) > s~ n — I 0(-)|V^r| 2 jr(A,cu). 

CIS J S CIS J s 

Let cp increase to the characteristic function of [0,1], we conclude (13.11) 
holds. From Corollary 12.21 and taking /i = 0, we get r"p T (B t ( 0)) = C. Then 
T is the cone in view of (13.11) . □ 

Now we give the proof of Theorem 1 1.41 

Proof of Theorem \L4\ Since <p t are the tangent diffeomorphisms on M n , we 

l+2p(t-^-)(x(M n )-p 0 ). 

2p 

Then Theorem 1 1.4] holds by Lemma l3Tl □ 
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M(t) = x(M n , t ) 
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